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Àííîòàöèÿ
Îïðåäåëåíî íîâîå óñëîâèå ñëàáîé çàâèñèìîñòè ñëó÷àéíûõ âåëè÷èí, ïîçâîëÿþùåå ïå-
ðåíåñòè ïðåäåëüíûå òåîðåìû äëÿ íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí íà ñëó÷àé ñëàáîé
çàâèñèìîñòè ñ ñîõðàíåíèåì ñêîðîñòè ñõîäèìîñòè. Ïðèâåäåí ïðèìåð ïîñëåäîâàòåëüíîñòè
ñëó÷àéíûõ âåëè÷èí, óäîâëåòâîðÿþùèõ íîâîìó óñëîâèþ ñëàáîé çàâèñèìîñòè.
Êëþ÷åâûå ñëîâà: ïðåäåëüíûå òåîðåìû, ñëó÷àéíûå âåëè÷èíû, íåçàâèñèìîñòü, ñëàáàÿ
çàâèñèìîñòü, ïåðåìåøèâàíèå, ñêîðîñòü ñõîäèìîñòè.
1. Ïîñòàíîâêà çàäà÷è. Îïðåäåëåíèÿ
Â ðàáîòå îïðåäåëÿåòñÿ íîâîå óñëîâèå ñëàáîé çàâèñèìîñòè, ïðè êîòîðîì ïðå-
äåëüíûå òåîðåìû äëÿ íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí îñòàþòñÿ ñïðàâåäëèâûìè
(ñ ñîõðàíåíèåì ñêîðîñòè ñõîäèìîñòè) è äëÿ ñëàáîçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí.
Óñëîâèå ñëàáîé çàâèñèìîñòè, ïîçâîëÿþùåå ïîëó÷èòü òàêîé ðåçóëüòàò, ìû íàçîâåì
óñëîâèåì ¾óñèëåííîãî ñèëüíîãî ïåðåìåøèâàíèÿ¿ (ó.ñ.ï.).
Â îñíîâå îïðåäåëåíèÿ óñëîâèÿ ó.ñ.ï. ëåæèò óñëîâèå ñèëüíîãî ïåðåìåøèâàíèÿ
(ñ.ï.) [1, 2℄, êîòîðîå óñèëèâàåòñÿ äîáàâëåíèåì äîïîëíèòåëüíîãî óñëîâèÿ. Äëÿ óñòà-
íîâëåíèÿ öåëåñîîáðàçíîñòè óñëîâèÿ ó.ñ.ï. ïðèâîäèòñÿ ïðèìåð ïîñëåäîâàòåëüíîñòè
ñëó÷àéíûõ âåëè÷èí, óäîâëåòâîðÿþùèõ ýòîìó óñëîâèþ.
Äîêàçûâàåòñÿ òàêæå, ÷òî åñëè ïðè îïðåäåëåíèè íîâîãî óñëîâèÿ ñëàáîé çàâè-
ñèìîñòè âìåñòî óñëîâèÿ ñèëüíîãî ïåðåìåøèâàíèÿ ðàññìîòðåòü óñëîâèå ψ -ïåðåìå-
øèâàíèÿ [3℄ è äîáàâèòü òå æå äîïîëíèòåëüíûå óñëîâèÿ, òî ñëó÷àéíûå âåëè÷èíû,
îáðàçóþùèå ïîñëåäîâàòåëüíîñòü, ñòàíîâÿòñÿ íåçàâèñèìûìè. Îòìåòèì, ÷òî äîêàçà-
òåëüñòâî äàííîãî óòâåðæäåíèÿ íå óäàåòñÿ ïðîâåñòè, åñëè âìåñòî ψ -ïåðåìåøèâàíèÿ
èñïîëüçîâàòü ñèëüíîå ïåðåìåøèâàíèå.
Âåçäå â äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü ñòàöèîíàðíûå â óçêîì ñìûñëå
ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí.
Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí
ξ0, ξ1, ξ2, . . . óäîâëåòâîðÿåò óñëîâèþ óñèëåííîãî ñèëüíîãî ïåðåìåøèâàíèÿ, åñëè äëÿ
ëþáûõ ìíîæåñòâ A1 ∈ Mr1 , . . . , As ∈ Mrs , B1 ∈ Mt1 , . . . , Bl ∈ Mtl âåðíî íåðàâåí-
ñòâî
|P (A1 . . . AsB1 . . . Bl)− P (A1 . . . As) · P (B1 . . . Bl)| ≤ C1√
d
· 1
l+ s
,
ãäå r1 < r2 < · · · < rs ≤ t1 < t2 < · · · < tl è d = (t1−rs)  ðàññòîÿíèå ìåæäó ìíîæå-
ñòâàìè {r1, . . . , rs} , {t1, . . . , tl} ({r1, . . . , rs} , {t1, . . . , tl}  ïîäìíîæåñòâà ìíîæåñòâà
{0, 1, 2, . . .}); Mi  σ -àëãåáðà, ïîðîæäåííàÿ ñëó÷àéíîé âåëè÷èíîé ξi ; C1 = const .
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Äîãîâîðèìñÿ âåçäå â äàëüíåéøåì ÷åðåç Ci îáîçíà÷àòü íåêîòîðûå ïîñòîÿííûå
âåëè÷èíû.
Ïðèâåäåì ïðèìåð ñëó÷àéíûõ âåëè÷èí, óäîâëåòâîðÿþùèõ óñëîâèþ ó.ñ.ï.
àññìîòðèì ïîñëåäîâàòåëüíîñòü ïðîñòûõ ñëó÷àéíûõ âåëè÷èí [4, ñ. 18℄ ξ0, ξ1,
ξ2, . . . , çàäàííûõ íà âåðîÿòíîñòíûõ ïðîñòðàíñòâàõ (Ω,Mk, P ) , k = 0, 1, 2, . . .,
è óäîâëåòâîðÿþùèõ óñëîâèþ ñèëüíîãî ïåðåìåøèâàíèÿ
sup
A∈Mt0, B∈M
∞
t+τ
|P (AB) − P (A) · P (B)| = α(τ) = C2/τ, (1)
ãäå M
t
0  σ -àëãåáðà, ïîðîæäåííàÿ ñëó÷àéíûìè âåëè÷èíàìè ξi , 0 ≤ i ≤ t ; M∞t+τ 
σ -àëãåáðà, ïîðîæäåííàÿ ñëó÷àéíûìè âåëè÷èíàìè ξi, i ≥ t+ τ .
Ïóñòü ζ  ïðîñòàÿ ñëó÷àéíàÿ âåëè÷èíà (ñëó÷àéíûé àêòîð), çàäàííàÿ íà âåðî-
ÿòíîñòíîì ïðîñòðàíñòâå (Ω,Mζ , P ) .
Çàìåòèì, ÷òî σ -àëãåáðû Mi, Mζ êîíå÷íû.
Îáîçíà÷èì
βkij = P (A
ξk
i |Aζj )− P (Aξki ),
ãäå Aξki è A
ζ
j  ýëåìåíòàðíûå ñîáûòèÿ èç σ -àëãåáð Mi è Mζ ñîîòâåòñòâåííî.
Îïðåäåëåíèå 2. Åñëè ïðè ëþáîì k â ëþáîé ñòðîêå ìàòðèöû {βkij}N,ri,j ñóùå-
ñòâóåò ïîëîæèòåëüíûé ýëåìåíò, òî áóäåì ãîâîðèòü, ÷òî ñëó÷àéíûå âåëè÷èíû ξk,
k = 0, 1, 2, . . ., ñëàáî çàâèñÿò îò ñëó÷àéíîãî àêòîðà ζ . Åñëè ïðè ýòîì ýëåìåíòû
ìàòðèöû {βkij}N,ri,j íå çàâèñÿò îò k , òî áóäåì ãîâîðèòü, ÷òî ξk, k = 0, 1, 2, . . ., îäè-
íàêîâî ñëàáî çàâèñÿò îò ζ .
Ïðåäëîæåíèå 1. Ïîñëåäîâàòåëüíîñòü ïðîñòûõ ñëó÷àéíûõ âåëè÷èí, óäîâëå-
òâîðÿþùàÿ óñëîâèþ ñ.ï. (1) è óñëîâèþ îäèíàêîâîé ñëàáîé çàâèñèìîñòè îò ñëó-
÷àéíîãî àêòîðà, óäîâëåòâîðÿåò óñëîâèþ ó.ñ.ï.
Äîêàçàòåëüñòâî. Ïî òåîðåìå óìíîæåíèÿ âåðîÿòíîñòåé
P (Aξ11 . . . A
ξs
s ) = P (A
ξ1
1 ) · P (Aξ22 |Aξ11 ) . . . P (Aξss |Aξ11 . . . Aξs−1s−1 ). (2)
Ââåäåì îáùåå îáîçíà÷åíèå P̂ (Aξki ) äëÿ óñëîâíûõ âåðîÿòíîñòåé P (A
ξk
i |Aξ11 . . . Aξmm ) ,
m = 1, . . . , k−1 . Èç óñëîâèÿ ñëàáîé çàâèñèìîñòè îò àêòîðà ζ ñëåäóåò, ÷òî íàéäåòñÿ
òàêîå j , ÷òî
P̂ (Aξki |Aζj )− P̂ (Aξki ) > 0,
òî åñòü ìàòðèöà ‖β̂kij‖N,ri,j , ñîñòîÿùàÿ èç ýëåìåíòîâ β̂kij = P̂ (Aξki |Aζj ) − P̂ (Aξki ) , ñî-
äåðæèò â êàæäîé ñòðîêå ïîëîæèòåëüíûé ýëåìåíò. Îáîçíà÷èì µ = min
i,j
β̂kij
P̂ (Aξki )
.
Î÷åâèäíî, ÷òî µ > 0 . Çàìåòèì, ÷òî µ íå çàâèñèò îò k , òàê êàê ñëó÷àéíûå âåëè-
÷èíû ξk îäèíàêîâî ñëàáî çàâèñÿò îò àêòîðà ζ .
Äàëåå,
P̂ (Aξki ) =
P̂ (Aξki |Aζj )
1 + (P̂ (Aξki |Aζj )− P̂ (Aξki ))/P̂ (Aξki )
≤ 1
1 + µ
.
Èç äàííîé îöåíêè è (2) ïîëó÷àåì
P (Aξ11 . . . A
ξs
s ) ≤
(
1
1 + µ
)s
.
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Â èòîãå èìååì ñëåäóþùèå îöåíêè:
P (A1 . . . As) ≤
(
1
1 + µ
)s
, P (B1 . . . Bl) ≤
(
1
1 + µ
)l
,
P (A1 . . . AsB1 . . . Bl) ≤
(
1
1 + µ
)l+s
.
Èç óñëîâèÿ ñèëüíîãî ïåðåìåøèâàíèÿ ñëåäóåò
|P (A1 . . . AsB1 . . . Bl)− P (A1 . . . As)P (B1 . . . Bl)| ≤ α(d).
Èñïîëüçóÿ ïåðå÷èñëåííûå îöåíêè, ïîëó÷èì îêîí÷àòåëüíî
|P (A1 . . . AsB1 . . . Bl)− P (A1 . . . As)P (B1 . . . Bl)| =
=
(√
|P (A1 . . . AsB1 . . . Bl)− P (A1 . . . As)P (B1 . . . Bl)|
)2
≤
≤
√
α(d)(P (A1 . . . AsB1 . . . Bl) + P (A1 . . . As)P (B1 . . . Bl))
1/2 ≤
≤ C3 ·
√
α(d)
(
1
1 + µ
)(l+s)/2
≤ C4
√
α(d)
l + s
=
C5√
d(l + s)
.
Òàêèì îáðàçîì, òðåáóåìîå óòâåðæäåíèå äîêàçàíî.
Òåïåðü ñäåëàåì çàìå÷àíèå, êàñàþùååñÿ óñëîâèÿ ó.ñ.ï. Íà÷íåì ñ òîãî, ÷òî îïðå-
äåëèì óñëîâèå ψ -ïåðåìåøèâàíèÿ.
Îïðåäåëåíèå 3. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí
ξ0, ξ1, ξ2, . . . , çàäàííûõ íà âåðîÿòíîñòíûõ ïðîñòðàíñòâàõ (Ω,Mk, P ) , k = 0, 1, 2, . . .,
óäîâëåòâîðÿåò óñëîâèþ ψ -ïåðåìåøèâàíèÿ, åñëè
sup
A∈Mt0, B∈M
∞
t+τ
∣∣∣∣ P (AB)P (A)P (B) − 1
∣∣∣∣= ψ(τ)→ 0 ïðè τ →∞.
Çäåñü P (A)P (B) 6= 0 .
Çàìåòèì, ÷òî åñëè ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí óäîâëåòâîðÿåò óñëî-
âèþ ψ -ïåðåìåøèâàíèÿ, òî îíà óäîâëåòâîðÿåò è óñëîâèþ ñ.ï. [5℄.
Äîïóñòèì, ÷òî ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí ξ0, ξ1, ξ2, . . . óäîâëåòâî-
ðÿåò óñëîâèþ ψ -ïåðåìåøèâàíèÿ. Ñ ïîìîùüþ óñëîâèÿ ψ -ïåðåìåøèâàíèÿ, èñïîëü-
çóÿ ïðèíöèï îðìóëèðîâàíèÿ óñëîâèÿ ó.ñ.ï., îïðåäåëèì ñëåäóþùåå óñëîâèå ñëà-
áîé çàâèñèìîñòè ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí ξ0, ξ1, ξ2, . . . Ïóñòü Mk 
σ -àëãåáðû, ïîðîæäåííûå ñëó÷àéíûìè âåëè÷èíàìè ξk , k = 0, 1, 2, . . .; D
ε
k  êëàñ-
ñû, ñîñòîÿùèå èç ýëåìåíòîâ A ∈ Mk òàêèõ, ÷òî P (A) < ε (ñì. [4, ðàçä. 15.1.Á℄).
È ïóñòü M
′
k  σ -àëãåáðà, ïîðîæäåííàÿ êëàññîì D
ε
k . Â äàëüíåéøåì íàì ïîòðåáó-
åòñÿ ñëåäóþùåå
Îïðåäåëåíèå 4. (Óñëîâèå (À)). Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü
ñëó÷àéíûõ âåëè÷èí ξk óäîâëåòâîðÿåò óñëîâèþ (À), åñëè ñóùåñòâóåò ε > 0 òàêîå,
÷òî äëÿ ëþáîãî êîíå÷íîãî íàáîðà ìíîæåñòâ Ak1 , . . . , Akn èç êëàññîâ D
ε
k1
, . . . , Dεkn
ñîîòâåòñòâåííî, k1 < k2 < · · · < kn, n > 1 , èìååò ìåñòî íåðàâåíñòâî∣∣∣∣ P (Ak1 . . . Akn)P (Ak1 . . . Akj ) · P (Akj+1 . . . Akn) − 1
∣∣∣∣≤ C6ψ(kj+1 − kj)n1/2 , j = 1, 2, . . . , n− 1,
ãäå ïîñòîÿííàÿ C6 íå çàâèñèò îò n .
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Çàìå÷àíèå 1. Â îïèñàííîé ñèòóàöèè óñëîâèå (A) ýêâèâàëåíòíî íåçàâèñèìîñòè
σ -àëãåáð M′k .
Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü, ÷òî óñëîâèå (A) âëå÷åò íåçàâèñè-
ìîñòü êëàññîâ Dεk [4, ðàçä. 15.1℄. Äîêàçàòåëüñòâî áóäåì ïðîâîäèòü îò ïðîòèâíîãî.
ßñíî, ÷òî åñëè âñå âîçìîæíûå âûðàæåíèÿ ïîä çíàêîì ìîäóëÿ â óñëîâèè (A) íóëè,
òî Dεk  íåçàâèñèìûå êëàññû, è íàîáîðîò. Ïðåäïîëîæèì, ÷òî D
ε
k íå ÿâëÿþòñÿ
íåçàâèñèìûìè, òî åñòü íàéäåòñÿ íàáîð Ak1 , . . . , Akn òàêîé, ÷òî
δ =
∣∣∣∣ P (Ak1 . . . Akn)P (Ak1 . . . Akj ) · P (Akj+1 . . . Akn) − 1
∣∣∣∣6= 0.
Çàèêñèðóåì ñêîëü óãîäíî áîëüøîå N . Âûáåðåì ∆ òàêîå, ÷òî ψ(∆) ≤ 1/N2
(ñì. îïðåäåëåíèå ψ -ïåðåìåøèâàíèÿ). Ïóñòü Bj ∈ Dεkn+j∆, j = 1, . . . , N − n .
Â ñèëó óñëîâèÿ (A)∣∣∣∣ P (Ak1 . . . AknB1 . . . BN−n)P (Ak1 . . . Akj ) · P (Akj+1 . . . AknB1 . . . BN−n) − 1
∣∣∣∣≤ C6ψ(kj+1 − kj)N1/2 .
Äàëåå ê âûðàæåíèþ ïîä ìîäóëåì ïðèìåíÿåì N−n ðàç óñëîâèå ψ -ïåðåìåøèâàíèÿ:∣∣∣∣ P (Ak1 . . . AknB1 . . . BN−n)P (Ak1 . . . Akj ) · P (Akj+1 . . . AknB1 . . . BN−n) − 1
∣∣∣∣=
=
∣∣∣∣ P (Ak1 . . . AknB1 . . . BN−n−1)P (BN−n)(1 + θ1ψ(∆))P (Ak1 . . . Akj ) · P (Akj+1 . . . AknB1 . . . BN−n−1)P (BN−n)(1 + θ2ψ(∆)) − 1
∣∣∣∣=
=
∣∣∣∣ P (Ak1 . . . Akn)P (Ak1 . . . Akj ) · P (Akj+1 . . . Akn)
(
1 + θ1ψ(∆)
1 + θ2ψ(∆)
)N−n
−1
∣∣∣∣.
Îòñþäà ñëåäóåò
C6ψ(kj+1 − kj)
N1/2
≥
∣∣∣∣ P (Ak1 . . . Akn)P (Ak1 . . . Akj ) · P (Akj+1 . . . Akn) − 1+
+
P (Ak1 . . . Akn)
P (Ak1 . . . Akj ) · P (Akj+1 . . . Akn)
((
1 + θ1ψ(∆)
1 + θ2ψ(∆)
)N−n
−1
)∣∣∣∣≥ δ − (1 + δ) C7N .
Çäåñü ìû ó÷ëè, ÷òî ψ(∆) ≤ 1/N2 . Òàê êàê N  ñêîëü óãîäíî áîëüøîå ÷èñëî,
èç ïîëó÷åííîãî íåðàâåíñòâà ñëåäóåò ðàâåíñòâî íóëþ âåëè÷èíû δ , ÷òî ïðîòèâîðå÷èò
ïðåäïîëîæåíèþ δ 6= 0 . Òàêèì îáðàçîì, çàìå÷àíèå äîêàçàíî.
Çàìåòèì, åñëè ïðè îïðåäåëåíèè óñëîâèÿ (A) èñïîëüçîâàòü óñëîâèå ñ.ï., òî åñòü
âìåñòî óñëîâèÿ (A) ïðèìåíèòü óñëîâèå ó.ñ.ï., òî ïðèâåäåííîå äîêàçàòåëüñòâî çà-
ìå÷àíèÿ ïðîâåñòè íå óäàåòñÿ.
2. Ôîðìóëèðîâêè òåîðåì
Ïåðâàÿ òåîðåìà îðìóëèðóåòñÿ äëÿ ïðîèçâîëüíûõ ïðîñòûõ ñëó÷àéíûõ âåëè-
÷èí.
Òåîðåìà 1. Ïóñòü ïðîñòûå ñëó÷àéíûå âåëè÷èíû ïîñëåäîâàòåëüíîñòè ξ0, ξ1,
ξ2, . . . óäîâëåòâîðÿþò óñëîâèþ ó.ñ.ï. È ïóñòü äëÿ íåçàâèñèìûõ ξ0, ξ1, ξ2, . . . ñïðà-
âåäëèâî ïðåäåëüíîå ñîîòíîøåíèå
P (gn(ξ0, ξ1, . . . , ξn) < x) = F (x) +R,
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ãäå R → 0 ïðè n → ∞ . Òîãäà äëÿ ξk , k = 0, 1, 2, . . ., óäîâëåòâîðÿþùèõ ó.ñ.ï.,
ñïðàâåäëèâî ñîîòíîøåíèå
P (gn(ξ0, ξ1, . . . , ξn) < x) = F (x) +R+O
(
1√
n
)
.
Çäåñü gn(ξ0, ξ1, . . . , ξn)  íåêîòîðàÿ íåïðåðûâíàÿ óíêöèÿ îò àðãóìåíòîâ
ξ1, . . . , ξn; F (x) èìååò îãðàíè÷åííóþ ïëîòíîñòü âåðîÿòíîñòè.
Âî âòîðîé òåîðåìå îðìóëèðóåòñÿ ðåçóëüòàò, àíàëîãè÷íûé óòâåðæäåíèþ òåî-
ðåìû 1, íî óæå äëÿ ëþáûõ íå îáÿçàòåëüíî ïðîñòûõ ñëó÷àéíûõ âåëè÷èí.
Òåîðåìà 2. Ïóñòü ñëó÷àéíûå âåëè÷èíû ξˆ0, ξˆ1, ξˆ2, . . . óäîâëåòâîðÿþò óñëîâèþ
ó.ñ.ï. È ïóñòü äëÿ íåçàâèñèìûõ ξˆ0, ξˆ1, ξˆ2, . . . ñïðàâåäëèâî ïðåäåëüíîå ñîîòíîøåíèå
P (gn(ξˆ0, ξˆ1, . . . , ξˆn) < x) = F (x) +R,
ãäå R → 0 ïðè n → ∞ . Òîãäà äëÿ ξˆk , k = 0, 1, 2, . . ., óäîâëåòâîðÿþùèõ ó.ñ.ï.,
ñïðàâåäëèâî ñîîòíîøåíèå
P (gn(ξˆ0, ξˆ1, . . . , ξˆn) < x) = F (x) +R+O
(
1/
√
n
)
.
Çäåñü gn(ξˆ0, ξˆ1, . . . , ξˆn)  íåêîòîðàÿ íåïðåðûâíàÿ óíêöèÿ îò àðãóìåíòîâ ξk ,
k = 0, 1, . . . , n ; F (x) èìååò îãðàíè÷åííóþ ïëîòíîñòü âåðîÿòíîñòè.
3. Äîêàçàòåëüñòâî òåîðåì
Äîêàçàòåëüñòâî òåîðåìû 1. Ïóñòü Π(pl+p0)  ìíîæåñòâî âñåõ íàòóðàëüíûõ
÷èñåë âèäà pl + p0, l = 0, 1, 2, . . ., ãäå p ≥ 1, p0 ≤ p− 1  íàòóðàëüíûå ÷èñëà.
Îáîçíà÷èì
δ(A,B) = P (AB)− P (A) · P (B);
Bi, i = 0, 1, . . . , n,  ýëåìåíòàðíûå ñîáûòèÿ èç σ -àëãåáðû Mi , ïîðîæäåííîé ïðî-
ñòîé ñëó÷àéíîé âåëè÷èíîé ξi; N = {1, . . . , n};
⋂
i∈Π(pl+p0)
⋂
N
B(pl+p0)  ýëåìåíòàðíûé îáú-
åì.
Ïðîâåäåì ïîñëåäîâàòåëüíî ñëåäóþùèå ïðåîáðàçîâàíèÿ.
Ïåðâûé øàã
P (B0B1 . . . Bn)=P (B0B1 . . . Bn)− P (B(2l))P (B(2l+1)) + P (B(2l))P (B(2l+1))=
= δ(B(2l), B(2l+1)) + P (B(2l))P (B(2l+1)) =
âòîðîé øàã
=δ(B(2l), B(2l+1))+[δ(B(4l), B(4l+2))+P (B(4l))P (B(4l+2))]·[δ(B(4l+1), B(4l+3))+
+P (B(4l+1))P (B(4l+3))]=δ(B(2l), B(2l+1))+δ(B(4l), B(4l+2))·δ(B(4l+1), B(4l+3))+
+δ(B(4l), B(4l+2)) · P (B(4l+1))P (B(4l+3)) + P (B(4l))P (B(4l+2)) · δ(B(4l+1), B(4l+3))+
+P (B(4l))P (B(4l+2))P (B(4l+1))P (B(4l+3)) =
òðåòèé øàã
=δ(B(2l), B(2l+1))+δ(B(4l), B(4l+2)) · δ(B(4l+1), B(4l+3)) + δ(B(4l), B(4l+2))×
×[δ(B(8l+1), B(8l+5)) + P (B(8l+1))P (B(8l+5))] · [δ(B(8l+3), B(8l+7))+
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+P (B(8l+3))P (B(8l+7))] + δ(B(4l+1), B(4l+3))[δ(B(8l), B(8l+4)) + P (B(8l))P (B(8l+4))]×
×[δ(B(8l+2), B(8l+6))+P (B(8l+2))P (B(8l+6))]+[δ(B(8l), B(8l+4))+P (B(8l))P (B(8l+4))]×
×[δ(B(8l+2), B(8l+6)) + P (B(8l+2))P (B(8l+6))] · [δ(B(8l+1), B(8l+5))+
+P (B(8l+1))P (B(8l+5))] · [δ(B(8l+3), B(8l+7)) + P (B(8l+3))P (B(8l+7))] =
= δ(B(2l), B(2l+1)) + δ(B(4l), B(4l+2)) · δ(B(4l+1), B(4l+3)) + δ(B(4l), B(4l+2))×
×δ(B(8l+1), B(8l+5)) · δ(B(8l+3), B(8l+7)) + δ(B(4l), B(4l+2))×
×δ(B(8l+1), B(8l+5))P (B(8l+3))P (B(8l+7)) + δ(B(4l), B(4l+2)) · P (B(8l+1))P (B(8l+5))×
×δ(B(8l+3), B(8l+7)) + δ(B(4l), B(4l+2)) · P (B(8l+1))P (B(8l+5))P (B(8l+3))P (B(8l+7))+
+δ(B(4l+1), B(4l+3)) · δ(B(8l), B(8l+4)) · δ(B(8l+2), B(8l+6)) + δ(B(4l+1), B(4l+3))×
×δ(B(8l), B(8l+4)) · P (B(8l+2))P (B(8l+6)) + δ(B(4l+1), B(4l+3)) · P (B(8l))P (B(8l+4))×
×δ(B(8l+2), B(8l+6)) + δ(B(4l+1), B(4l+3)) · P (B(8l))P (B(8l+4))P (B(8l+2))P (B(8l+6))+
+δ(B(8l), B(8l+4)) · δ(B(8l+2), B(8l+6)) · δ(B(8l+1), B(8l+5)) · δ(B(8l+3), B(8l+7)) + · · ·+
+P (B(8l))P (B(8l+2)) · P (B(8l+4))P (B(8l+6)) · P (B(8l+1))P (B(8l+3))×
×P (B(8l+5))P (B(8l+7)) =
è ò. ä.
Íà k -ì øàãå ïîñëåäíèé ÷ëåí áóäåò ñîñòîÿòü èç 2k−1 ñîìíîæèòåëåé âèäà
P (B(2
kl+p)) , êàæäûé èç êîòîðûõ ïðåäñòàâëÿåòñÿ ñêîáêîé [δ(·) + P (·)P (·)] . Ïåðå-
ìíîæàÿ ñêîáêè, ìû ìîæåì ðàçáèòü ïîëó÷àþùèåñÿ ïðè ýòîì ÷ëåíû íà òðè ãðóï-
ïû: ïðîèçâåäåíèå δ(·) · · · δ(·) ; ¾ñðåäíèå¿ ÷ëåíû, ãäå âìåñòî êàêîãî-ëèáî δ(·) âõîäèò
P (·)P (·) ; ïîñëåäíèé ÷ëåí P (·)P (·) · · ·P (·) .
Íà êàæäîì k -ì øàãå (÷èñëî øàãîâ áóäåò ðàâíûì C8 log2 n) ó ïðîèç-
âåäåíèÿ δ(·) · · · δ(·) è ó ¾ñðåäíèõ¿ ÷ëåíîâ âûíåñåì çà ñêîáêè ìíîæèòåëü
max
p0,p′0
δ(B(2
kl+p0), B(2
kl+p′0)) . Â èòîãå ïîëó÷èì
P (B0B1 . . . Bn) =
n∏
i=0
P (Bi) +
C8 log2 n∑
k=1
C9(k)max
p0,p′0
δ(B(2
kl+p0), B(2
kl+p′0)), (3)
ãäå C9(k)  ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò íîìåðà øàãà.
Ñóììó, êîòîðàÿ ïîëó÷àåòñÿ ïîñëå âûíåñåíèÿ ó ïðîèçâåäåíèÿ δ(·) · · · δ(·) è
ó ¾ñðåäíèõ¿ ÷ëåíîâ çà ñêîáêè ìíîæèòåëÿ max
p0,p′0
δ(B(2
kl+p0), B(2
kl+p′0)) , îöåíèì òàêèì
îáðàçîì, ÷òîáû ðÿä ñõîäèëñÿ áûñòðåå ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì
max
(
1
4
,
1
1 + µ
)
. Îòñþäà ñëåäóåò, ÷òî ñóùåñòâóåò ïîñòîÿííàÿ C10 ≥ C9(k) .
Ïóñòü ξ∗0 , ξ
∗
1 , ξ
∗
2 , . . .  ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ïðîñòûõ ñëó÷àéíûõ âå-
ëè÷èí, ðàñïðåäåëåííûõ òàê æå, êàê è ïðîñòûå ñëó÷àéíûå âåëè÷èíû ξ0, ξ1, ξ2, . . .
Èìååì
P (gn(ξ0, ξ1, . . . , ξn) < x) =
∑
gn(ξ0,...,ξn)<x
P (B0B1 . . . Bn),
P (gn(ξ
∗
0 , ξ
∗
1 , . . . , ξ
∗
n) < x) =
∑
gn(ξ∗0 ,...,ξ
∗
n)<x
P (B0) . . . P (Bn).
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Îòñþäà è èç (3) ñëåäóåò
|P (gn(ξ0, ξ1, . . . , ξn) < x)− P (gn(ξ∗0 , ξ∗1 , . . . , ξ∗n) < x)| =
=
∣∣∣∣ ∑
gn(··· )<x
(P (B0 . . . Bn)− P (B0) . . . P (Bn))
∣∣∣∣=
=
∣∣∣∣ ∑
gn(··· )<x
C8 log2 n∑
i=1
C9(i)max
p0,p′0
δ(B(2
il+p0), B(2
il+p′0))
∣∣∣∣≤
≤
C8 log2 n∑
i=1
C10
∣∣∣∣ ∑
gn(··· )<x
δ(B(2
il+pˆ0), B(2
il+pˆ′0))
∣∣∣∣, (4)
ãäå pˆ0, pˆ
′
0  çíà÷åíèÿ, íà êîòîðûõ äîñòèãàåòñÿ ìàêñèìóì ñóììû ñïðàâà â (4).
Ïóñòü Ω  ìíîæåñòâî âñåõ ýëåìåíòàðíûõ îáúåìîâ B0, . . . , Bn , êîëè÷åñòâî êîòî-
ðûõ îïðåäåëÿåòñÿ ÷èñëîì (êîíå÷íûì) ýëåìåíòîâ σ -àëãåáð Mi(i = 1, . . . , n) è ÷èñ-
ëîì n . Çàìåòèì, ÷òî ñ ðîñòîì n ðàñòåò ÷èñëî ýëåìåíòîâ ìíîæåñòâà Ω .
Î÷åâèäíî, ñïðàâåäëèâî íåðàâåíñòâî∣∣∣∣ ∑
gn(··· )<x
δ
(
B(2
il+pˆ0), B(2
il+pˆ′0)
) ∣∣∣∣≤ maxG
∣∣∣∣∑
G
δ
(
B(2
il+pˆ0), B(2
il+pˆ′0)
) ∣∣∣∣,
ãäå G  ïðîèçâîëüíîå ïîäìíîæåñòâî Ω .
Ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C11 , ÷òî âåðíî íåðàâåíñòâî
max
G
∣∣∣∣∑
G
δ
(
B(2
il+pˆ0), B(2
il+pˆ′0)
) ∣∣∣∣≤ C11 maxAi×Bi
∣∣∣∣ ∑
Ai×Bi
δ
(
B(2
il+pˆ0), B(2
il+pˆ′0)
) ∣∣∣∣, (5)
ãäå B(2
il+pˆ0) ∈ Ai, B(2il+pˆ′0) ∈ Bi; Ai × Bi  ïðÿìîå ïðîèçâåäåíèå ìíîæåñòâ Ai
è Bi èç Ω .
Îöåíêà (5) âåðíà, òàê êàê ìíîæåñòâà G ìîãóò áûòü ïðåäñòàâëåíû â âèäå îáú-
åäèíåíèÿ ìíîæåñòâ âèäà Ai×Bi , ïðè÷åì ÷èñëî ìíîæåñòâ âèäà Ai×Bi , âõîäÿùèõ
â îáúåäèíåíèå, îãðàíè÷åíî ïîñòîÿííîé, íå çàâèñÿùåé îò n .
Èñïîëüçóÿ (4) è (5), ïîëó÷èì
△ = |P (gn(ξ0, ξ1, . . . , ξn) < x)− P (gn(ξ∗0 , ξ∗1 , . . . , ξ∗n) < x)| ≤
≤
C8 log2 n∑
i=1
C12
∣∣∣∣ ∑
Âi×B̂i
δ
(
B(2
il+pˆ0), B(2
il+pˆ′0)
) ∣∣∣∣.
Çäåñü Âi, B̂i  ìíîæåñòâà, íà êîòîðûõ äîñòèãàåòñÿ ìàêñèìóì. Ñ ó÷åòîì àääèòèâ-
íîñòè δ(·, ·) è óñëîâèÿ ó.ñ.ï. èìååì
△ ≤
C8 log2 n∑
i=1
C13
1√
2i−1
( n
2i−1
+
n
2i−1
) ≤ C14 · 1√
n
. (6)
Èç (6) ñëåäóåò óòâåðæäåíèå òåîðåìû 1. 
Äîêàçàòåëüñòâî òåîðåìû 2. Ïî óñëîâèþ óíêöèÿ gn(ξ0, ξ1, . . . , ξn) íåïðå-
ðûâíà îò àðãóìåíòîâ ξ1, . . . , ξn , ïîýòîìó äëÿ ëþáîãî ε > 0 è äëÿ ëþáûõ ξ0,
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ξ1, . . . , ξn  ïðîèçâîëüíûõ ñëó÷àéíûõ âåëè÷èí  ñóùåñòâóþò ïðîñòûå ñëó÷àéíûå
âåëè÷èíû ξ0, ξ1, . . . , ξn òàêèå, ÷òî
|P (gn(ξ0, ξ1, . . . , ξn) < x)− P (gn(ξ0, ξ1, . . . , ξn) < x)| < ε. (7)
Åñëè ñëó÷àéíûå âåëè÷èíû óäîâëåòâîðÿþò óñëîâèþ ó.ñ.ï., òî ïðîñòûå ñëó÷àéíûå
âåëè÷èíû òàêæå óäîâëåòâîðÿþò óñëîâèþ ó.ñ.ï., ïîýòîìó ïî òåîðåìå 1 èìååì
P (gn(ξ0, ξ1, . . . , ξn) < x) = F (x) +R+O(1/
√
n). (8)
Èç (7) è (8) ñëåäóåò
P (gn(ξ0, ξ1, . . . , ξn) < x) = F (x) +O(1/
√
n) + ε,
ãäå ε > 0  ïðîèçâîëüíîå ÷èñëî.
Åñëè âçÿòü ε = O(1/
√
n) , òî ïîëó÷èì
P (gn(ξ0, ξ1, . . . , ξn) < x) = F (x) +R+O(1/
√
n).
Òåîðåìà 2 äîêàçàíà.

Çàìå÷àíèå 2. Óòâåðæäåíèå òåîðåìû 2 îñòàåòñÿ ñïðàâåäëèâûì è äëÿ ñëó÷àÿ,
êîãäà ξ0, ξ1, . . . , ξn, . . . åñòü ïîñëåäîâàòåëüíîñòü ñî çíà÷åíèåì â Rk .
Summary
V.T. Dubrovin. Convergene Rate in Limit Theorems for Weakly Dependent Random
Variables.
We dene a new ondition for weak dependene of random variables, whih makes it possible
to extend limit theorems for independent random variables to the ase of a weak dependene
with retention of onvergene rate. We give an example of a sequene of random variables
satisfying the new weak dependene ondition.
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e, weak dependen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